Helical edge modes of 2D topological insulators are supposed to be protected from time-reversal invariant elastic backscattering. Yet substantial deviations from the perfect conductance are typically observed experimentally down to very low temperatures. To resolve this conundrum we consider the effect of a single magnetic impurity with arbitrary spin on the helical edge transport. We consider the most general structure of the exchange interaction between the impurity and the edge electrons. Moreover, for the first time, we take into the account the local anisotropy for the impurity and show that it strongly affects the backscattering current in a wide range of voltages and temperatures. We show that the sensitivity of the backscattering current to the presence of the local anisotropy is different for half-integer and integer values of the impurity spin. In the latter case the anisotropy can significantly increase the backscattering correction to the current.
Introduction. -2D topological insulators are the subject of much recent interest due to their unique helical edge modes [1, 2] . Strong spin-orbit coupling in these materials leads to spin-momentum locking of the edge electrons [3, 4] , which has been detected experimentally in HgTe/CdTe quantum wells [5] [6] [7] [8] [9] , and holds promise for numerous applications in spintronics.
In the presence of time-reversal symmetry, elastic backscattering of the helical electrons is forbidden. Hence, at low temperatures ballistic transport along the edge with quantized conductance of G 0 = e 2 /h is expected. However, during the last decade this theoretical prediction was questioned by transport experiments in HgTe/CdTe [5, [10] [11] [12] and InAs/GaSb [13, 14] quantum wells, as well as bismuth bilayers [15] and WTe 2 monolayers [16] [17] [18] . Therefore, detailed studies of possible backscattering mechanisms at the helical edge are of the great importance. Many of the explanations raised in the literature involve significant electron-electron interactions along the edge [21] [22] [23] [24] [25] [26] [27] [28] . However, since 2D topological insulator heterostructures typically contain nearby gates that effectively screen the interactions, these suggestions cannot satisfactorily account for all the experimental data.
In the absence of the electron-electron interactions or time-reversal symmetry breaking, the ideal edge transport may still be affected at finite temperature by coupling to an impurity with its own quantum dynamics, e.g., a charge puddle that acts as an effective spin-1/2 impurity [29, 30] , or a quantum magnetic impurity with spin S = 1/2 [19, 20] or S 1/2 [31] [32] [33] . However, in the case the electron-impurity exchange interaction is isotropic, the dc conductance is not affected at all at any temperature [20] . For charge puddles the anisotropic part of the exchange interaction can be weak [29, 30] . The case S > 1/2 offers a new prospect in this regard, since a local anisotropy term is generated due to the impurity's exchange interaction with nearby electrons [34, 35] . This local anisotropy can dominate the dynamics of the impurity spin at low temperatures and voltages and, consequently, affect the helical edge transport.
In this work we theoretically study how the dc conductance of a noninteracting helical edge deviates from its ideal value due to scattering off a single magnetic impurity with arbitrary spin. A physical case in point is a (001) CdTe/HgTe/CdTe quantum well contaminated by Mn 2+ impurities, which possess spin 5/2. Contrary to the previous works, we solve the problem for a generic structure of the matrix, which describes the exchange interaction between the edge electrons and the magnetic impurity, taking into account the local anisotropy of the impurity. We find that the backscattering current is sensitive to the parity of 2S and is strongly affected by the local anisotropy in a much wider range of voltage and temperature [see Eq. (7)] than it is naively expected, especially for integer S.
Model. -We start from the following Hamiltonian for a helical edge coupled to a magnetic impurity at y = y 0 :
Here S i denotes the components of the impurity spin operator, ν = 1/ (2πv) is the density of states per one edge mode, and the exchange couplings J ij are real and dimensionless. For a HgTe/CdTe quantum well not possesing inversion symmetry [36] [37] [38] [39] [40] [41] [42] [43] all nine components of J ij are non-zero. We note that the exchange interaction J ij acquires Kondo-type renormalization [44, 45] . In what follows, we assume that the corresponding Kondo temperature is well below the relevant energy scales (related to the temperature, voltage, and local anisotropy), so that the renormalization of J ij can be neglected. This is typically justified physically: for example, for Mn 2+ ion in a HgTe/CdTe quantum well J ij ∼ 10 −3 [33] . Finally, the Hamiltonian of the local anisotropy is given by H i = D qp S q S p , where D qp is a real symmetric matrix. The anisotropy originates from the strong spinorbit coupling and can be thought of as a result of the indirect exchange interaction of the magnetic impurity with itself, mediated by its coupling to both the bulk and edge electronic states [50] . Assuming that all elements J ij are of the same order (we denote the corresponding value as J), one may estimate D qp ∼ J 2 |M |Λ [44, 46, 47] , where |M | is the bulk band gap. The dimensionless ultraviolet cut-off parameter Λ is of order [v/ (|M |a imp )]
3 . Here a imp is a typical range of the impurity potential. Using a imp ∼ 3 nm, we find
. With an appropriate SO(3) rotation R of the impurity spin, S = RS , it is always possible to simplify the local anisotropy (up to the constant energy shift) to the form,
with D ≡ |D zz | > |D xx |. The exchange matrix then becomes J = R −1 J . In what follows, we omit the primes. Correction to the current. -The helical nature of the edge states allows one to express the backscattering current, ∆I, via the rate of change of the z-component of the total spin of the edge electrons: ∆I = ∂ t s z (y)dy . Thus, if S z + s z (y)dy is conserved, ∆I = 0 [20, 30] . This conservation can be broken by either sufficiently anisotropic exchange J jk [32, 33] or the local anisotropy (3), provided D xx is non-zero.
When a finite bias voltage V is applied to the edge (we assume V > 0), s z acquires a non-zero expectation value νV /2. As a result, the Hamiltonian H e−i acquires nonzero mean-field shift: H mf e−i = J iz S i V /2, which acts as the effective Zeeman splitting for the magnetic impurity. We denote eigenstates and energies of H i + H mf e−i as |ψ a and E a , respectively, where a = S, S − 1, . . . , −S.
To second order in J jk , we derived the following equation for the backscattering current [30, 44] :
Here ε krj is the Levi-Civita symbol, S cd l = |ψ c ψ c |S l |ψ d ψ d |, and ω cd = E d − E c . The average . . . S is taken over the reduced density matrix of the magnetic impurity in the steady state, ρ
represents the spin-spin correlation function of the edge electrons, where (we use
Quantum master equation. -In order to evaluate the backscattering current, it is necessary to determine the steady state density matrix ρ (st)
S . For this purpose we derived the Redfield equation [48] , which governs the time evolution of the reduced density matrix ρ S [44]:
The first term on the right hand side of Eq. (6) describes the unitary evolution of ρ S , while the term quadratic in J accounts for Korringa-type relaxation due to weak coupling between the edge electrons and the impurity spin [49] . For V = 0 the spin-spin correlation function T jk V =0 (ω) = δ jk T 0 (ω) satisfies the detailed balance relation: T 0 (−ω) = e −ω/T T 0 (ω). This leads to the thermal density matrix in the equilibrium steady state ρ (st) S ∝ a e −Ea/T |ψ a ψ a |, and to the vanishing backscattering current.
At non-zero voltage the unitary evolution of ρ S is controlled by the effective Zeeman field ∼ JV and the local anisotropy energy D. The relaxation dynamics of ρ S is controlled by the Korringa rate τ
depends on the relative magnitude of JV , D, and 1/τ K . This results in several distinct regimes in the V -T plane for the steady state ρ S and for the backscattering current (see Fig. 1 ).
In the regime max{T, V } D the relaxation becomes insensitive to the local anisotropy [one can neglect dependence of T jk V on ω cd in Eq. (6)]. However, due to the presence of the first term on the right hand side of Eq. (6), the magnetic anisotropy is crucial for the steady state density matrix, and thus, for the correction to the current even for max{T, V } D. One can neglect H i only if
Indeed, at large voltages, V D/J, the effective Zeeman field dominates over the anisotropy, while at high temperatures, T D/J 2 , the energy levels of H i are smeared due to the relaxation. In the absence of H i , Eq. (6) has been analyzed recently by the present authors [33] . We note, however, that D/J 2 is of order of the ultra-violet one cannot neglect a contribution to the current due to the bulk states.
In order to demonstrate the importance of the local anisotropy for the backscattering current we consider the illustrative case of the easy-plane anisotropy (D zz > 0) with a clear hierarchy of scales D zz |D xx | (the easyaxis case is qualitatively similar [44] ). Such a situation can be realized provided the quantum well has negligible inversion asymmetry and the impurity is close to its center (in the growth direction). The level structure of H i differs qualitatively for integer and half-integer values of the impurity spin. Therefore, we consider these cases separately.
Half-integer S. -For D xx = 0 the eigenstates of H i are given by the eigenstates of S z , with the corresponding eigenenergies being D zz S 2 z . By the Kramers theorem, the energy levels of H i for half integer S are doubly degenerate even at finite D xx . This implies that the eigenstates of H i are weakly affected by the presence of |D xx | D zz . Consequently, D xx produces corrections to the backscattering current proportional to D xx /D zz only, which we shall ignore below. It is worthwhile to mention that these corrections become important in the case of uniaxially-anisotropic exchange interaction that preserves z-projection of the total spin of the system,
For easy-plane local anisotropy, D zz > 0, at max{T, V } D zz (region I in Fig. 1a ) it is possible to project the Hamiltonian (1) onto the subspace of the doubly-degenerate ground state of H i formed by the impurity states with S z = ±1/2. The accuracy of such a projection is controlled by a small parameter max{T, V }/D zz 1. Effectively, the projection maps the problem onto that of a spin-1/2 impurity coupled to the edge states by the effective exchange matrix given bỹ
2 )J yj , andJ zj = J zj , which allows for the analytical evaluation of ∆I [44] .
At max{T, V } D zz max{J 2 T, JV } (region II in Fig. 1 ) the relaxation term in Eq. (6) becomes independent of the anisotropy. Provided that V JT , we obtain the following hierarchy of energy scales:
K . This allows us to exploit the rotating wave approximation to find the steady state density matrix ρ
analytically. The latter is diagonal in the eigenbasis of
can be found by requiring the relaxation term in the master equation (6) to be zero for such density matrix. Interestingly, ρ has non-zero off-diagonal elements in the eigenbasis |ψ a . This hinders analytic solution for the backscattering cur-rent in this regime. In region III, max{J 2 T, JV } D zz , the local anisotropy is completely irrelevant. For V JT the solution for the steady state density matrix has a Gibbs form, with an effective temperature T eff that depends on the ratio V /T [33] .
The dependence of the backscattering conductance ∆G = ∆I/V on voltage obtained from the numerical solution of Eq. (6) for S = 3/2 is shown in Fig. 1(b) for several temperatures. Curve (i) corresponds to T D zz . The backscattering current at voltage V D zz (region I) at first rises and then, at V ∼ JT , saturates to a plateau, in reminiscence of the spin-1/2 problem [33] . At the boundary between regions I and II, V ∼ D zz , the curve exhibits a cusp. It is associated with the emergence of transitions of the impurity to the excited states.
The wide minimum in curve (i) corresponds to region II in which V T . At the crossover between regions II and III the minimum turns into the plateau corresponding to ∆I in the absence of the anisotropy. Curve (ii) is plotted for the temperature D zz T D zz /J. At V ∼ JT the low-voltage plateau turns into the wide maximum and, then, into the minimum. The switching between the minimum and the maximum occurs at V ∼ T . The crossover between regions II and III at V ∼ D zz /J causes switching from the minimum to the high-voltage plateau. Curve (iii) corresponds to the temperature
It starts with a plateau at V JT , which then turns into a maximum at V ∼ D zz /J, associated with the crossover between regions II and III. In region III curve (iii) has a minimum corresponding to a Gibbslike steady state with D zz /J V T . At V T ∆G saturates at the plateau. Curve (iv) corresponds to T D zz /J 2 so that the local anisotropy is irrelevant at any V . There are three plateaus in ∆G positioned at V JT , JT V T , and T V respectively. Integer S. -The level structure of H i for the integer spin impurity is significantly different from that in the case of the half-integer spin impurity. For D xx = 0 there is a single non-degenerate level corresponding to S z = 0 and S degenerate doublets | ± S z with S z > 0. The doublets are not protected by the Kramers theorem and their degeneracy is lifted by a finite
, one can project the initial Hamiltonian (1) onto the nondegenerate ground state of H i . This implies that the magnetic impurity becomes frozen and thus ∆I based on Eqs. (4) and (6) is exponentially small in T /D zz . This exponentially small correction is surpassed by the contribution from virtual transitions between the ground state and the pair of the lowest excited nearly degenerate states. These virtual transitions mediate the effective interaction between the edge electrons with opposite helicity in the vicinity of the impurity. Provided the Fermi momentum of the edge electrons is large, k F max{T, V }/v, utilizing Fermi's golden rule, we find the backscattering current to be [44] 
where
JT the impurity spin is polarized in the z-direction and the steady state density matrix acquires a diagonal Gibbs form in the eigenbasis of S z , with ρ For max{T, Fig. 1(c) ], the fine structure of the energy levels of H i complicates the structure of ρ (st) S . For example, for V max{δ 2 /J, JT } the solution of Eq. (6) yields the diagonal but non-Gibbs steady state density matrix in the eigenbasis of S z :
We emphasize that the result (10) implies equal probabilities of states with S z = 1, 0, −1, i.e., the impurity spin in the presence of non-zero D xx and voltage tends to behave partially as a classical spin. The consequences of such a behavior is particularly vivid for S = 1. In that case the correction to the current is given by
Interestingly, ∆I remains finite even for the exchange interaction matrix close to
. Thus, Eq. (11) implies a parametrically large enhancement of the backscattering current due to the presence of non-zero D xx in the wide region δ 1 JV max{δ 2 , J 2 T }. Such behavior of ∆I is specific for magnetic impurities with integer spin.
The backscattering conductance as a function of voltage obtained from the numerical solution of Eq. (6) for S = 1 and for different T is shown in Fig. 1(d) . Curve (i) corresponds to T D zz . The backscattering current in region I, V D zz , is exponentially small. The evolution of ∆I near the maximum corresponds to the crossover from region I to region II 2 and then to region II 1 . The wide minimum in curve (i) is associated with the structure of the steady state solution ρ (st) S in the region II 1 . Switching from the minimum to the plateau around V ∼ D zz /J corresponds to the crossover between regions II 1 and III. Curve (ii) is plotted for the temperature D zz T δ 1 /J 2 . Around V ∼ D xx /D zz J , ∆I drops down from the low-voltage plateau due to the crossover between the regions II 2 and II 1 . The minimum in curve (ii) corresponds to region II 1 in which V T . The crossover between regions II and III at V ∼ D zz /J causes switching from the minimum to the high-voltage plateau. We emphasize that the low-voltage plateaus of the curves (ii) in Fig. 1(b) and Fig. 1 T , respectively. Since at these temperatures the effect of D xx on ∆I is negligible, these curves are qualitatively very similar to the corresponding curves in Fig. 1(b) .
Conclusions. -To summarize, we presented the results of a detailed study of the dc transport along the helical edge in the presence of a magnetic impurity. We considered a realistic model with an arbitrary value of the impurity spin S, with a general form of the exchange matrix, and with a local anisotropy. We found that the backscattering current is strongly affected by the local anisotropy at voltage and temperature satisfying max{J 2 T, JV } D, for which the energy splittings of the impurity states due to the local anisotropy Hamiltonian H i are non-negligible. We revealed that the local anisotropy makes the backscattering current sensitive to the parity of 2S. For integer S we found that the anisotropy can significantly increase the correction to the current in a certain range of V and T . Thus, the backscattering current can serve as a probe for the level structure of the magnetic impurities contaminating the helical edge.
Acknowledgements. In this notes, we present (i) the estimation of the value of the local anisotropy, (ii) the analysis of Kondo renormalizations, (iii) the derivation of the master equation for the reduced density matrix of the magnetic impurity and of the expression for the backscattering current used in the main text. We also discuss in details the backscattering current mediated by the magnetic impurity with (iv) integer and (v) half-integer spin.
S.I. THE LOCAL MAGNETIC ANISOTROPY
In this section, we derive the Hamiltonian of the local anisotropy of the magnetic impurity which is generated by the interaction between the impurity and the electrons (both bulk and edge ones) in a 2D topological insulator.
For the sake of definiteness, we assume that the topological insulator is based on a CdTe/HgTe/CdTe quantum well. In order to describe the electronic states in this structure we employ the linearized Bernevig-Hughes-Zhang Hamiltonian,
where M is a band gap, v will turn out to be the edge states velocity, and k ± = k x ±ik y . The Hamiltonain H e is written in the basis of spatially quantized states {|E 1 , + , |H 1 , + , |E 1 , − , |H 1 , − } (see [S1] for the details). Notice that the Hamiltonian H e is rotationally invariant: for simplicity, we disregarded symmetry-lowering interface inequivalence [S2] in the discussion of the magnetic anisotropy. To account for the presence of the edge in the system we follow the approach of [S3] and assume that the gap is a function of x-coordinate such that the band inversion is realized at x = 0, i.e., for x < 0 M (x) is a negative constant, whereas M (x > 0) → +∞. The Hamiltonian of the local electron-impurity exchange interaction is given by H e−i = J q S q δ(r − r 0 ), where J x,y,z are 4 × 4 matrices in the basis {|E 1 , + , |H 1 , + , |E 1 , − , |H 1 , − }, summation over q is assumed, r 0 is a position of the impurity in the quantum well, and S is the impurity spin operator. An analysis based on the k · p method yields (see [S4] and [S5] ):
where S ± = S x ± iS y and J 0 , J 1 , J 2 , and J m are real parameters that depend on the microscopic details of the exchange interaction as well as on the structure of the envelop functions of the spatially quantized states |E 1 , ± and |H 1 , ± . For the sake of universality, throughout this section we assume that all J q s have a generic form and do not refer to the explicit form (S2).
The local magnetic anisotropy is generated by the indirect exchange interaction [S4] of the magnetic impurity with itself. A zero temperature expression for the indirect exchange, evaluated to second order in the coupling parameters J q , is given by
(summation over q and p is assumed in the expression for H i ). The Matsubara Green's function G(i , r 1 , r 2 ), which enters this expression, can be conveniently expressed as a sum over states,
where ψ j (r) are the eigenstates of H e , E j denotes the corresponding energies, and µ is the chemical potential. The representation (S4) allows to divide the Green's function into two parts, G = G bulk + G edge , where G bulk incorporates the sum over the bulk states and G edge includes the sum over the edge states. As a result, it is possible to split the anisotropy matrix D qp into three terms of different nature:
The explicit structure of the eigenstates is required to estimate each of the contributions in Eq. (S5). In the described setting the edge states wave functions are given by
where θ(x) is a Heaviside step function and ξ = |M |/v. They are characterized by a dispersion which is exactly linear in the model (S1), E ↑/↓ edge (k y ) = ∓vk y . Due to the presence of the edge, the bulk states acquire a more complicated structure as compared to that in the infinite sample (for the details, see [S6] ):
The dimensionless functions f ± x (k) which enter the expressions above are
Here 
The integral diverges at high momenta and should be regularized. The ultraviolet cut-off momentum k uv is determined by the size of the impurity potential a imp , k uv ∼ 1/a imp . Then one estimates Λ 
where the matrix P equals
and the prefactors are given by
In the last two estimates we have taken into account that the energy of the edge states is limited by uv ∼ |M |.
The size of the impurity potential a imp can be reliably estimated to be of order of several lattice spacings, ∼ 1 nm. For example, for a manganese ion Mn 2+ embedded into CdTe lattice we find a imp a B ε CdTe m e /2m CdTe 3 nm, where a B is the Bohr radius, m CdTe 0.1m e is the electron band effective mass in CdTe, m e is the bare electron mass, and ε CdTe 10 is the dielectric constant of CdTe. At the same time, ξ 40 nm for the realistic parameters of a CdTe/HgTe/CdTe quantum well with width of 7 nm (see [S1] for details). Hence, ξ/a imp 1 can be considered as a large parameter. It means that the anisotropy is mainly induced by the interaction between the impurity and the bulk states, D bulk qp
qp . This conclusion is independent of the distance |x| between the impurity and the edge. It is worthwhile to mention that Λ bulk 0 is of the same order as Λ bulk ∞ . Therefore, as the impurity is displaced from the edge into the bulk, the local anisotropy roughly preserves its value, while its matrix structure gradually changes from Tr (PJ q PJ p ) to Tr (J q J p ) on a length scale ∆x ∼ ξ. Using a imp 3 nm and the estimates for J q s from [S4] for Mn 2+ impurities we find D qp ∼ 0.1K. This estimate is presented in the main text.
Finally, we note that for the impurity located precisely at the edge, D bulk (edge, int) qp can be equivalently rewritten as
where J is the matrix of dimensionless couplings introduced in the main text. The superscript T denotes the matrix transposition. Notice that the temperature scale T ∼ D/J 2 , which appears throughout the main text (J is a typical value of J 's matrix elements and D is a typical value of the local anisotropy), realistically exceeds the bulk energy gap, D/J 2 ∼ Λ bulk 0 |M | |M |.
S.II. KONDO RENORMALIZATION
In this section, we discuss the renormalization of the electron-impurity coupling constants J ij . As long as the running energy scale E is larger than the local anisotropy scale, E D, the one-loop renormalization group (RG) equations for J ij have the following form [S7, S8] 
To simplify the system of equations, we perform a singular value decomposition of the coupling matrix:
Here the matrices R > and R < are orthogonal, R > and R < ∈ SO(3), and λ = diag (λ 1 , λ 2 , λ 3 ). For the RG flow of the singular values we find
while the matrices R > and R < do not flow. When two of λ i s are zero, the remaining coupling stays constant with the change of the energy scale. If two couplings are equal, e.g. λ 1 = λ 2 = 0, λ 3 ≤ 0, and |λ 1 | ≤ |λ 3 |, then λ 1 goes to zero while λ 3 saturates at some finite value as E is decreased. In all other cases, a finite Kondo energy scale T K exists at which λ i s blow up. The Kondo energy may be estimated as T K ∼ |M | exp −1/J 0 , where J 0 is a dimensionless parameter of order of J at τ = 0. As T K is approached, the coupling constants tend to the manifold |λ 1 | = |λ 2 | = |λ 3 | with λ 1 λ 2 λ 3 > 0.
Physically, the running energy scale is always determined by either the temperature or the voltage. Hence, the above analysis is applicable provided max {T, V } D, whereas at lower energies the RG equations alter significantly [S9] . Throughout the main text of the article we assume that T K is much smaller than max {T, V, D} and therefore the renormalization of the exchange couplings can be neglected at the relevant energy scales. This assumption is typically well-justified. For instance, for a Mn 2+ impurity in a topological insulator based on CdTe/HgTe/CdTe quantum well with width of 7 nm the typical value of the exchange coupling J(τ = 0) is of order of 10 −3 [S7] . Thus T K is extremely small.
S.III. DERIVATION OF THE QUANTUM MASTER EQUATION AND THE EXPRESSION FOR THE CURRENT
In this section, we derive the quantum master equation which governs the behavior of the reduced density matrix of the magnetic impurity and find the expression for the backscattering current. We assume that the unperturbed density matrix of the helical edge electrons is given by
Here µ is the chemical potential of the edge electrons, V is the voltage applied to the helical edge, and Tr e is the trace over the states of the edge electrons. Note that while the density matrix ρ 0 is stationary, it describes a nonequilibrium situation with finite expectation of the edge spin density s j 0 = Tr e ρ 0 Ψ † (y)(σ j /2)Ψ(y) = δ jz νV /2. To derive the quantum master equation for the reduced density matrix of the magnetic impurity we employ second order perturbation theory in the electron-impurity coupling constants J ij . To this end, we first decompose the electron-impurity interaction into a mean-field part and an "irreducible" part:
Thus, the Hamiltonian of the whole system is given by
We stress that H full i = H i +H mf e−i contains no operators associated with the edge electrons. Next we introduce the joint density matrix of the impurity and the electrons: ρ(t) = |ψ(t) ψ(t)|, where |ψ(t) is the wave function of the whole system at time t. The evolution of ρ(t) is governed by the standard von-Neumann equation
The goal of the subsequent derivation is to use this equation to extract the equation for the evolution of the reduced density matrix of the magnetic impurity, ρ S (t) = Tr e ρ(t). First of all, we go to the interaction picture:
In order to make the perturbative treatment possible we formally solve the evolution equation (S20) and substitute the result back into (S20):
Tracing out electrons, we obtain
We assume that the electron-impurity interaction is switched on adiabatically, so that the distribution of the edge electrons is unperturbed at t = −∞. Therefore, Tr e [V I (t), ρ I (−∞)] = 0, as V contains only irreducible electron operators. Moreover, in the weak coupling regime, J 1, it is possible to approximately write ρ I (t) = ρ S,I ⊗ ρ 0 on the right-hand side of the master equation [S10] . Finally, substituting the explicit form of the perturbation V we find
Next we employ the Markov approximation, i.e., we change ρ S,I (t ) to ρ S,I (t). This approximation is justified because the correlators K jk V decay over a time proportional to either 1/V or 1/T , while the relaxation time of ρ S,I has an additional large factor of J −2 . Switching back to the Heisenberg picture, we get
Now we introduce the eigenstates |ψ c of the full impurity Hamiltonian, H 
In order to write down the final form of the master equation, we calculate the correlators K jk V (ω). This yields
The correlator can be split into a Hermitian and an antihermitian parts:
Q jk contains only logarithmically and linearly diverging (with the high energy cut-off ∼ |M |) contributions. The former ones are associated with Kondo renormalization of the coupling constants (for details, see Section S.II), while the latter ones describe the renormalization of the anisotropy matrix D qp . As it was stated previously, we neglect Kondo renormalization. Moreover, we assume that the linear divergences are already taken into the account in the initial anisotropy Hamiltonian. Tossing out Q jk we finally obtain
The first term on the right hand side of Eq. (S28) describes the unitary evolution of ρ S whereas the second term corresponds to the Korringa-type relaxation of the magnetic impurity with a characteristic rate τ 
where f (ω) = ω/(1 − e −ω/T ). The master equation allows us to find the reduced density matrix ρ S in the steady state. The next step is to employ this density matrix to evaluate the backscattering current mediated by the magnetic impurity. To do that we note that ∆I = d/dt dys z (y) . Once again, we switch to the interaction picture and find
Substituting the formal solution of the von Neumann equation into the expression above we obtain
The subsequent calculations are similar to those in the derivation of the master equation. As a result, we find
Here ρ S is the reduced density matrix of the impurity in the steady state and Tr S denotes the trace over the degrees of freedom of the impurity spin. In sections S.IV and S.V we will show that in many cases of interest it is possible to neglect ω cd in the correlators and evaluate T jk V at zero frequency. If that is the case, equations (S25) and (S32) may be substantially simplified. In particular, it is possible to rewrite the master equation (S28) in the Lindblad form [S10] 
The equation for the correction to the current (S32) may then be reduced to
where G 0 = e 2 /h is the ballistic conductance.
S.IV. TRANSPORT IN THE PRESENCE OF AN INTEGER-SPIN IMPURITY
In this section, we consider in details the transport along a helical edge in the presence of a magnetic impurity with an integer spin S. We take into the account the presence of non-uniaxial local anisotropy of the impurity that has a form
Following the main text, we assume that the second term in the H i is a small admixture to the first one, |D xx | |D zz |. Both the case of the easy-plane anisotropy (D zz > 0) and the case of the easy-axis anisotropy (D zz < 0) are discussed below.
A. Level structure of the magnetic impurity We begin by inspecting the level structure of the magnetic impurity. The full impurity Hamiltonian consists of two contributions,
Let us start from the equilibrium limit, V = 0, and diagonalize H i by treating the D xx term in it as a perturbation. To do that, we notice that the energy levels of the unperturbed Hamiltonian H of | ± S z doublet as well as its overall energy shift to the lowest non-vanishing order in D xx is given by (the basis is {| + S z , | − S z }, where S z is assumed to be a positive integer)
As a result, the | ± S z states split into a symmetric and antisymmetric combinations, [| + S z ± | − S z ] / √ 2, with energies E Sz,± = D zz S 2 z + d Sz ± ∆ Sz , respectively. We denote the corresponding energy gap as δ Sz = |E Sz,+ − E Sz,− | = 2|∆ Sz |. As long as S ∼ 1, the numeric factor in the expression for ∆ Sz is of order unity and, therefore, δ Sz ∼ |D xx | |D xx /D zz | Sz−1 , as discussed in the main text. In what follows we omit the overall shift d Sz since it is subleading in D xx /D zz , and thus has no significant effect on the backscattering current.
Finite voltage tends to split the doublets as well. In particular, if the anisotropy is purely uniaxial, D xx = 0, the mean-field electron-impurity interaction, H mf e−i , induces a splitting of | ± S z into | + S z and | − S z with energies E ±Sz = D zz S 2 z ± J zz S z V /2, respectively. When both finite D xx and non-zero voltage are introduced, there is a competition between the two splitting mechanisms. If, for a given S z > 0, V δ Sz /|J zz |, then the | ± S z doublet breaks into a symmetric and antisymmetric combinations with the energy separation δ Sz . In the opposite limit, V δ Sz /|J zz |, the doublet splits trivially into the | + S z and | − S z states, which are separated by an energy J zz S z V . In the following discussions, we assume that the matrix J is generic and, therefore, its element J zz is of order of the typical value of J ij , i.e., J. Hence, the crossover between the two regimes happens at V ∼ δ Sz /J.
B. Low-energy transport
We start the discussion of transport properties in the presence of a magnetic impurity by considering the low-energy limit, max {T, V } |D zz |. First, we assume that the anisotropy is of the easy-plane type, i.e., D zz > 0. In this regime, finite D xx gives rise to the corrections to the results presented below which are of order D xx /D zz 1. Consequently, for now we disregard the non-uniaxial part of the anisotropy and take D xx = 0.
The conditions D zz > 0 and max {T, V } D zz imply that the impurity is pinned to the ground state with zero z-projection of its spin, |S z = 0 . Hence, the correction to the current to second order in J, based on Eqs. (S28), (S29), and (S32), is exponentially suppressed in the large parameter D zz /T . At the same time, the fourth order contribution, which is associated with virtual transitions of the magnetic impurity to the excited states |S z = ±1 , is non-vanishing. In order to estimate it, we project the electron-impurity interaction on the |S z = 0 state to second order in J and obtain the following low-energy Hamiltonian
From this expression we immediately conclude that, effectively, the magnetic impurity induces electron-electron interaction in its vicinity. For the following, it is important to keep in mind that the electron-impurity interaction has a finite range a imp . Unless the finite range is taken into the consideration, the fourth order correction vanishes, as dictated by the Pauli exclusion principle. To account for a imp = 0, we replace the electron spin density operators entering (S37) by
where y 0 is the position of the magnetic impurity at the edge and g(y) is a symmetric smooth function satisfying dyg(y) = 1, dyy 2 g(y) = a 2 imp . The effective electron-electron interaction (S37) mediates three types of two-particle scattering events, (1) |s z,1 = +1/2, s z,2 = +1/2 |s z,1 = −1/2, s z,2 = −1/2 (2) |s z,1 = +1/2, s z,2 = +1/2 |s z,1 = +1/2, s z,2 = −1/2 (S39) (3) |s z,1 = −1/2, s z,2 = −1/2 |s z,1 = +1/2, s z,2 = −1/2 , where s z denotes the spin z-projection of helical electrons and 1, 2 indexes enumerate the interacting electrons. Process (1) corresponds to the simultaneous backscattering of two electrons. Processes (2) and (3) First, we assume that the local anisotropy is of the easy-plane type, D zz > 0, and consider the limit max{T, V } D zz . In that case, the impurity occupies the ground state subspace S z = ±1/2 with exponential precision, as indicated by equation (S28). Therefore, the problem is mapped onto an effective spin-1/2 problem with modified matrixJ . Since 
